Dark Energy and Dark Matter in a Model of an Axion Coupled to a
  Non-Abelian Gauge Field by Alexander, Stephon et al.
Dark Energy and Dark Matter in a Model of an Axion Coupled to a Non-Abelian
Gauge Field
Stephon Alexander,1, ∗ Robert Brandenberger,2, † and Ju¨rg Fro¨hlich3, ‡
1Department of Physics, Brown University, Providence, RI, 02912, USA
2Physics Department, McGill University, Montreal, QC, H3A 2T8, Canada, and
Institute for Theoretical Studies, ETH Zu¨rich, CH-8092 Zu¨rich, Switzerland
3Institute of Theoretical Physics, ETH Zu¨rich, CH-8093 Zu¨rich, Switzerland
(Dated: September 23, 2016)
We study cosmological field configurations (solutions) in a model in which the pseudo-scalar phase
of a complex field couples to the Pontryagin density of a massive non-abelian gauge field, in analogy
to how the Peccei-Quinn axion field couples to the SU(3)-color gauge field of QCD. Assuming that
the self-interaction potential of the complex scalar field has the typical Mexican hat form, we find
that the radial fluctuations of this field can act as Dark Matter, while its phase may give rise to
tracking Dark Energy. In our model, Dark-Energy domination will, however, not continue for ever.
A new component of dark matter, namely the one originating from the gauge field, will dominate
in the future.
I. INTRODUCTION
Current observations [1] show that about 95% of the
energy in the universe does not come from visible matter
observed in ordinary laboratory experiments, but from
a new kind of matter in the form of Dark Energy and
Dark Matter. Evidence for Dark Matter and Dark En-
ergy comes exclusively from gravitational effects: Dark
Matter was first introduced to account for the missing
mass in galaxies [2, 3] and galaxy clusters. Dark Matter
has the same gravitational interactions and produces the
same gravitational effects as regular matter in the form of
a pressure-less gas, but it interacts only very weakly with
visible matter and photons. The presence of Dark Matter
is required in order to obtain the observed agreement be-
tween the angular power spectrum of cosmic microwave
background (CMB) fluctuations and the power spectrum
of density fluctuations; (see, e.g., [4] for a discussion of
this point). As compared to Dark Matter, far less is
known about Dark Energy. Its presence in the cosmos is
required to explain the apparent accelerated expansion
of the Universe, as inferred from Supernova observations
[5, 6], and to reconcile the spatial flatness of the Universe,
as derived from CMB anisotropy measurements [1], with
the total energy density due to matter, including Dark
Matter, inferred from the observed dynamics of galaxies
and galaxy clusters.
In order to explain the data provided by these observa-
tions, the equation-of-state parameter w of Dark Energy
(namely the ratio of pressure to energy density) is now
known to be close to w = −1. Dark Energy could be due
to a cosmological constant in Einstein’s field equation of
the general theory of relativity. It could also be a mani-
festation of modified laws of gravity, which become man-
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ifest only on cosmological scales. Or Dark Energy could
be caused by a new matter field (“quintessence field”)
with an unusual equation of state, w ' −1; (see, e.g.,
[7] for recent reviews on the Dark Energy puzzle). In
this paper we focus our attention on the third scenario,
which we call the quintessence approach; (see [8] for some
original references).
A fairly popular candidate [9] for Dark Matter is the
invisible axion [10, 11], a very light pseudo-scalar field
originally introduced to solve the strong CP problem of
quantum chromodynamics (QCD) [12]. This axion field
couples linearly to the instanton (Pontryagin) density of
the SU(3)-color gauge field of QCD; (it plays the role of
a dynamical vacuum angle). If the VEV of the axion field
can be shown to vanish the strong CP problem of QCD
is solved.
It has been postulated recently [13] that Dark Energy
could arise from another pseudo-scalar field, a new ax-
ion, that couples linearly to the Pontryagin density of a
heavy non-abelian gauge field operating at a high energy
scale. The new axion could be conjugate to an anoma-
lous current, jµ` , that couples to the gauge field; see, e.g.,
[14]. The chiral anomaly would then explain why the ax-
ion couples to the Pontryagin density of the gauge field.
(One might speculate that the anomalous current is lep-
tonic and the gauge field is the weak SU(2)-gauge field.)
One of the challenges in the quintessence approach is
to explain why Dark Energy is becoming dynamically im-
portant around the present time, and not already in the
very early universe, or in the remote future. If a cosmo-
logical constant were to be the source of Dark Energy
we would be faced with the problem of explaining the
precise, very small value that the cosmological constant
would have to be given in order to explain the observa-
tional data. In our quintessence approach to Dark Energy
we want to avoid to be forced to introduce a compara-
bly tiny number by hand. Tracking Quintessence [15] is
a way to cope with this problem. In models of tracking
quintessence, the energy density of the field responsible
for Dark Energy follows the energy density of the domi-
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2nant matter field until times when a dynamical crossover
prevents further decline of its energy density, and Dark
Energy becomes the dominant form of energy in the Uni-
verse. In [13] we have observed that the coupling of an
axion to the Pontryagin density of a massive non-Abelian
gauge field can cause slow rolling of the axion field, so
that, as a consequence, the equation of state of the ax-
ion field is the one required of Dark Energy, and this has
yielded an interesting scenario of tracking quintessence.
In this paper, we introduce a toy model of a complex
field whose phase (angular component) plays the role of a
pseudo-scalar axion that is linearly coupled to the instan-
ton density of a massive non-abelian gauge field. This
gauge field is invisible below rather high energy scales.
Our model appears to describe, at once, Dark Matter
and Dark Energy. Both the radial and the angular com-
ponents of the complex scalar field describe dynamical
degrees of freedom. While the radial component leads
to Dark Matter, its phase is a source of Dark Energy;
(tracking quintessence).
If the coupling of the axion to the instanton density
of the gauge field were neglected our model would yield
a renomalizable quantum field theory, in contrast to the
model studied in [13].
The organization of this paper is as follows: In the next
section we introduce our model and derive its field equa-
tions (of motion). In Section 3 we discuss cosmological
solutions of the classical field equations, assuming that
the fields only depend on cosmological time. We show
how the radial component of the scalar field can play the
role of Dark Matter, whereas its phase is a candidate for
Dark Energy, for reasons similar to those advanced in
[13]. A discussion section concludes our paper.
The following notations and units will be used through-
out: the cosmological scale factor is denoted by a(t), z(t)
is the associated cosmological redshift, and the Hubble
expansion rate by H(t); space-time indices are denoted
by Greek letters, group indices by latin letters; and we use
natural units in which the speed of light, c, and Planck’s
constant, ~, are set to 1.
II. THE MODEL
We consider a complex scalar field ϕ with Lagrangian
density
L = 1
2
∂µϕ∂
µϕ− λ
2
(|ϕ|2 −R20)2 − µ22 |ϕ− ϕ¯|4, (1)
where λ and µ are dimensionless coupling constants. This
Lagrangian describes a renormalizable theory 1. For
1 Note that fine-tuning of a mass term for the field (ϕ − ϕ) to
zero is assumed in Eq. (1). This renormalization condition is
analogous to one appearing in the Coleman-Weinberg model [16].
In a follow-up work [17], we will investigate ways to avoid this
fine-tuning condition.
µ2 = 0, the potential for ϕ has the usual “Mexican hat”
shape, with ground states breaking the U(1)-symmetry of
global phase transformations. The modulus of the field
minimizing the potential is denoted by R0. The term
∝ µ2 breaks the U(1)- symmetry explicitly; (U(1)- sym-
metry breaking is also encountered in the usual model of
the Peccei-Qinn scalar in QCD).
We introduce polar coordinates in field space, i.e., ra-
dial and angular components of ϕ,
ϕ = Reiθ, (2)
R = R0 + r ,
where θ is the angular component (the phase) of ϕ, R
its radial component, and r parametrizes radial fluctua-
tions of ϕ about a ground state configuration for µ2 = 0
corresponding to |ϕ| = R0.
If the field ϕ plays a role similar to the one the Peccei-
Quinn scalar plays in QCD then it must be coupled lin-
early to the Pontryagin density of some gauge field, Aaµ,
which we here take to be a massive non-abelian gauge
field effective at a high energy scale. The coupling be-
tween the phase, θ, of ϕ and the gauge field Aaµ is de-
scribed by the following term in the Lagrangian density
of the theory
LP = −αθFaµν F˜µνa . (3)
Here Faµν is the field strength of A
a
µ, µ and ν are space-
time indices, while a is a (gauge) group index, and α is
a dimensionless coupling constant.
Besides the field ϕ, we introduce an axial chemical po-
tential µ5 conjugate to an axial vector current J
5
µ that
couples to the gauge field Aaµ. The chiral anomaly is
expressed by the equation
∂µJ
5
µ =
2α˜
pi
tr( ~E · ~B) + terms ∝ masses , (4)
where α˜ is a coupling constant. The axial chemical poten-
tial conjugate to J5µ appears in a term LQ in the effective
Lagrangian for the gauge field analogous to (3), namely
LQ = −α˜χFaµν F˜µνa , (5)
with
χ˙ = µ5 . (6)
In the Appendix we discuss a possible origin of the (di-
mensionless) pseudo-scalar field χ.
If all spatial gradient terms are neglected the La-
grangian for ϕ becomes
L = 1
2
(
r˙2 +R20θ˙
2 + 2R0rθ˙
2 + r2θ˙2
)
−λ
2
(
2Ror + r
2
)2
(7)
−8µ2(R40 + 4R30r + 6R20r2 + 4R0r3 + r4)sin4θ
+α θ E ·B ,
3where Ea and Ba are the electric and magnetic compo-
nents of the field tensor of the gauge field Aaµ, and
E ·B := tr(E ·B) =
∑
i,a
Eai B
a
i .
We assume that this gauge field acquires a large mass at
a phase transition occuring at an early time denoted tm.
In the following, the gauge group is chosen to be SU(2).
We make the following ansatz of a homogeneous gauge
field configuration, expressed in terms of a scalar field
ψ(t) (see e.g. [18]):
Aa0(t) = 0, (8)
Aai (t) = a(t)ψ(t)δ
a
i , (9)
where δai is the Kronecker delta function. The “electric
field” Eai is then given by
Eai (t) ∼ a−1(aψ)·δai (10)
and the “magnetic field” by
Bai (t) ∼ g(a(t)ψ(t))2 , (11)
where g is the coupling constant of the non-abelian gauge
theory. In the following we will drop the group index.
Note that the amplitude of the magnetic field is sup-
pressed, as compared to the one of the electric field, by
the gauge coupling constant g (which, later, we will take
to be g  1) and by an additional factor of aψ.
The field equations of motion for the components of
the scalar field ϕ(t) and for ψ(t) (or, equivalently, for
the fields ϕ and E · B) describing a homogeneous and
isotropic cosmology can be derived from the Lagrangian
(7) to which the standard Yang-Mills Lagrangian for Aµ
is added. We are interested in solutions of the field equa-
tions describing small oscillations of R about its ground
state value R = R0 and the response of the axion field
θ to the gauge field Aµ, as determined by its coupling
to the Pontryagin term tr(E · B). We thus linearize the
field equations in r/R0, and we will later assume that θ
remains so small that we can approximate sinθ by θ. The
radial equation of motion then becomes
r¨ + 3Hr˙ −R0θ˙2 + 32R30µ2sin4θ + 4λR20r = 0 , (12)
and the angular equation is given by
θ¨+3Hθ˙+2
r˙
R0
θ˙+32µ2R20sin
3θcosθ = 8αR−20 E ·B , (13)
where we have kept the r˙/R0 term, since the term r˙/r
will be parametrically larger than H.
III. COSMOLOGICAL SOLUTIONS
We follow the approach outlined in [13] and search for
solutions in which the terms ∝ θ˙, θ¨ in Eq. (13) can be
neglected, so that this equation reduces to
32µ2R20sin
3θcosθ ' 8αR−20 E ·B . (14)
Note that this relation between the axion field and the
instanton density is identical to the one used in [18–20]
to derive slow-rolling of an inflaton field at sub-Planckian
field values. In the small θ approximation Eq. (14) re-
duces to
θ3 ' 1
4
αµ−2R−40 E ·B . (15)
The solutions of the radial field equation we are looking
for describe small oscillations of R about its ground state
value, i.e., oscillations of r about 0. Assuming that θ is
a solution of (15) and that E · B decays like an inverse
power of time, the leading terms in the radial equation
yield the equation
r¨ + 3Hr˙ + 4λR20r = 0 , (16)
which describes the motion of a damped harmonic oscil-
lator. To solve (16) we make the ansatz
r(t) ≡ x(t)eσ(t) , (17)
where x and σ are two real-valued functions of time t,
with σ chosen such that terms ∝ x˙ in (16) cancel. This
requirement implies that
σ˙ = −3
2
H , (18)
The radial equation then reduces to
x¨+
(
4λR20 −
9
4
H2 − 3
2
H˙
)
x = 0 . (19)
Except at the beginning of the evolution of the Universe,
the terms ∝ H2 and H˙ in the frequency are negligible,
and the solutions, x(t), of (19) describe harmonic oscil-
lations about x = 0 with frequency, ω, given by
ω = 2
√
λR0 . (20)
This is the mass of our dark matter candidate. Note
that, even at the beginning of the evolution, this mass is
larger than H by a factor proportional to R0/mpl (where
mpl is the Planck mass), as follows from the Friedmann
equation for H.
At this point we must verify that it is self-consistent
to neglect the terms in the original angular and radial
equations of motion that we have omitted in (15) and
(16). We first consider the angular equation of motion.
We temporarily omit all coupling constants and factors
of order unity from our equations. The terms θ¨ and 3Hθ˙
are both of the order O(H2 θ). The terms, denoted T ,
we have kept in the angular equation scale as
T ∼ R20
E ·B
ρR
, (21)
where ρR ≡ R40, whereas
H2θ ∼ H2(E ·B
ρR
)1/3
. (22)
4At the initial time, E · B ∼ ρR. Thus, the θ¨- and 3Hθ˙-
terms are suppressed, initially, as compared to the terms
we have kept, by the square of the factor H/R0. The
Friedmann equations imply that this factor is of order
O(R0/mpl), which is expected to be tiny. Furthermore,
as functions of time, the terms θ¨ and 3Hθ˙ decay faster
than T . Hence, it is self-consistent to neglect the θ¨- and
3Hθ˙- terms in Eq. (13).
In a similar way one may check that the term 2 r˙θ˙/R0
in (13) is negligible: Inserting the expression (15) for θ
into (13), comparison between this term and the ones we
have kept yields the condition
Hr < R20
(E ·B
ρR
)2/3
(23)
for the term ∝ r˙ in (13) to be negligible. At the initial
time, the left-hand side of (23) is suppressed, as com-
pared to the right-hand side, by one power of R0/mpl.
Neglecting the decrease in the amplitude of oscillation of
r, both terms would scale in the same way as a func-
tion of time. But since r exhibits a damped oscillation,
the left-hand side decreases faster in time than the right-
hand side. Hence, our approximation (15) for the angular
equation (13) is self-consistent.
It is easy to see that neglecting the terms depending
on θ in the radial equation (12) is self-consistent. We
leave it to the reader to check this.
As will be shown in the following section, in the ab-
sence of any back-reaction of the scalar fields (and/or
other matter fields) on the gauge fields, one does not ob-
tain a successful scenario for tracking quintessence: the
energy density in θ will never increase relative to that
in regular matter and radiation. However, both the cou-
pling of the scalar field to the Pontryagin density and
the term proportional to the extra axial chemical poten-
tial that we have introduced in the Lagrangian affect the
time evolution of the Pontryagn density ~E · ~B and make
it decrease in time less rapidly than if those terms were
absent.
The back-reaction of the scalar field on the gauge field
can be analyzed by following the analysis in our previous
paper. In the presence of the axion θ and of the chemical
potential µ5, the equation of motion for the electric field
has a term proportional to (αθ˙ + α˜µ5)B,
E˙ + κHE = −(αθ˙ + α˜µ5)B , (24)
where the constant κ depends on whether the gauge field
has acquired a mass, or not, and whether we are in the
radiation or matter epochs. For a massive gauge field
in the radiation era, κ = 3/2, which, in the absence of
coupling to the axion, i.e., for α = 0, leads to the scaling
characteristic of matter
E2(t) ∼ a(t)−3 . (25)
The equations for E and B are equivalent to a second
order differential equation for the scalar function ψ, an
equation given in [18] 2.
Treating the right hand side of (24) as a small pertur-
bation, the solution of Eq. (24), given initial conditions
at some time ti, can be found in first-order Born approx-
imation. It is given by
E(t) = E0(t)
[
1+
∫ t
ti
dt‘E0(t
‘)−1S(t‘)
] ≡ E0+E1 , (26)
where E0(t) is the solution describing a “free” E- field,
and
S(t‘) =
(
αθ˙(t‘) + α˜µ5
)
B(t‘) . (27)
The “electric field” E(t) can also be written as
E(t) = E0(t)
[
1 +G(t)
]
, (28)
where the factor G(t) is called secular growth factor. This
result also follows from the second order differential equa-
tion for ψ(t), see [13],
ψ(t) ∼ ψ0(t)
[
1 +G(t)
]
, (29)
where ψ0(t) is the solution found by setting α and α˜ to
0, which corresponds to the field E0(t). Since E is linear
in ψ and B is quadratic in ψ, both “electric” and “mag-
netic” fields acquire a secular growth correction linear
in G(t), as long as G(t) < 1. The secular growth term
E1 will begin to dominate over the background term E0
at some time tsec which we want to lie in the interval
teq < tsec < t0. Once the secular term starts to domi-
nate over the background term, i.e., when G(t) > 1, the
quantity E2 scales as G2(t), E · B scales as G3 and B2
as G4. We must make sure that, at the present time,
the quintessence field energy density, which scales as G3,
dominates over the energy density of the new gauge field,
which is proportional to E2 +B2 (+ a term proportional
to the mass of the gauge field) and scales as G4. This
will only be the case if the constant α is sufficiently large.
(The order of magnitude of this constant will be discussed
later).
The second term on the right hand side of (26) leads to
an extra contribution to E ·B. In our previous model this
term had logarithmic growth in time relative to the term
present when the coupling between scalar and gauge field
is absent. Hence there will be a time, denoted tsec, when
the second term begins to dominate over the first, and
we have shown that, for t tsec, the new term can come
to dominate, yielding a tracking Dark Energy model. A
constraint on the viability of every such model is that
teq < tsec < t0 , (30)
where t0 is the present time.
2 Note that the nonlinear terms in the equations for E and B are
suppressed for small values of ψ, i.e., at late times.
5In our present model the contribution to the source
S(t) originating from the axion decays too rapidly in
time to yield a significant growth factor. This is the
reason why we have introduced the extra axial chemical
potential µ5.
Let us assume that µ5 is constant in time. Then
E1
E0
(t) ∼ α˜µ5(t− ti) , (31)
and the time, denoted tsec, when E1 starts to dominate
and the secular growth sets in is given by
tsec ∼ α˜−1µ−15 . (32)
As will be shown in the next section, a necessary condi-
tion for a successful tracking dark energy scenario is
teq < tsec < t0 . (33)
Hence we must choose a tiny axial chemical potential µ5
satisfying
t−10 < α˜µ5 < t
−1
sec . (34)
This condition could be met naturally if the axial chem-
ical potential redshifts, as the universe expands, until
some late time, denoted by tchem, with tchem < teq. An
idea about a possible origin of such a chemical potential
is sketched in Appendix A.
IV. COSMOLOGICAL SCENARIO
We propose to interpret the radial component, r, of the
field ϕ as a component of Dark Matter and the angular
component, θ, of ϕ as describing Dark Energy. Since the
potential for r is close to a quadratic potential of a har-
monic oscillator, r performs damped oscillations about
r = 0. This implies that its equation of state is that of
cold dark matter, i.e., w ≡ p/ρ = 0, where p and ρ are
pressure and energy density, respectively. Since
ρr(t) ∼ r2(t) , (35)
it is easy to check from (18) and (17) that, in the radia-
tion epoch as well as in the matter epoch,
ρr(t) ∼ a(t)−3 , (36)
which is the scaling that cold dark matter has.
In the following, the contributions of the degrees of
freedom described by the fields r and θ to the total energy
density of the Universe are studied. We use the standard
notation
ΩX =
ρX
ρ0
. (37)
Here, ΩX is the fraction of the total energy density the
substance X contributes to the total energy density, de-
noted by ρ0, of a spatially flat universe.
Since ΩDM , corresponding to Dark Matter, scales as
Ωm, corresponding to regular matter, for all times, the
coincidence condition that, at the present time, the mag-
nitude of ΩDM is comparable to the magnitude of the
fraction, ΩB , of the total energy density contributed by
baryons is a consequence of a similar condition assumed
to hold at the time when the Standard Model matter
fields acquire their mass. This happens at a temperature
T ≡ TEW ∼ 250GeV.
Assuming that the spontaneous breaking of our new
“Peccei-Quinn-like” symmetry takes place at a tempera-
ture Tm (corresponding to a time denoted by tm) lower
than TEW , the condition that will guarantee the right
magnitude of the energy density of Dark Matter is given
by
ΩDM (Tm) ∼ Teq
Tm
, (38)
assuming that the degrees of freedom described by the
field r do not decay into other degrees of freedom, (an
assumption whose validity is examined in Appendix B).
In (38), Teq ∼ 3eV is the temperature at the time, teq,
of equal matter and radiation when ΩB ∼ 1. The ratio
in Eq. (38) is of the order of 10−11 if Tm ' TEW . This
initial condition can be realized if the number density of
r is suppressed as compared to the number density of
photons in the same way as the baryon number.
The radial component r starts to oscillate after the
breaking of the new symmetry. The temperature at
which this symmetry breaking occurs is
Tc ∼ R0 . (39)
This can be inferred from the following argument: There
are finite-temperature corrections to the potential of the
scalar field, the leading such corrections being given by
[21]
∆V ∼ g2T 2|ϕ|2 , (40)
where g is a typical coupling constant. Invoking natural-
ness we expect g2 ∼ λ; (see, e.g., [22] for a review of these
arguments in the context of cosmology). In (39), Tc is
the temperature where the negative contributions to the
quadratic term in the potential, expanded about ϕ = 0,
cancel the positive contribution from ∆V . This implies
(39). In the following, we will assume that Tc = Tm.
The energy density stored in the r degrees of freedom
at the time of the phase transition is proportional to the
potential energy density before the phase transition, i.e.,
ρDM (Tc) ∼ λR40 , (41)
while the critical energy density is
ρrad ∼ T 4c . (42)
Hence
ΩDM (Tc) ∼ λ . (43)
6Comparing (38) with (43), we see that there is a curve
in the (R0, λ) parameter plane leading to the Dark Mat-
ter density observed today 3. Note that, as in the case
of the QCD axion as a candidate for Dark Matter, the
mass of the field quanta of the r- field is not determined
uniquely by the requirement that we obtain the Dark
Matter density observed today. What is determined is
a combination of the coupling constant λ and the Dark
Matter particle mass, ω, which must be given by
ω ∼ λ−1/2Teq . (44)
Next, we study the equation of state of the degrees
of freedom described by the axion field θ. Its potential
energy density, V , is given by
V (θ) ' 8µ2R40θ4, (45)
whereas the kinetic energy density, K, is given by
K(θ) ∼ θ˙2H2R20θ2 . (46)
Inserting the slow-roll solution (15), one easily finds that
K
V
∼ ( R0
mpl
)4/3
. (47)
Thus, the equation of state parameter wθ of the axion
field θ is
wθ ' −1, (48)
and hence θ gives rise to Dark Energy.
It remains to show that, in fact, θ gives rise to tracking
Dark Energy, i.e., its contribution to the total energy den-
sity ρ0(t) tracks the contribution of the dominant com-
ponent of matter until some late time.
First, we infer from (45) and (15) that the energy den-
sity of θ (which is dominated by the potential energy
density) is given by
ρθ(t) ' 2α
(1
4
αµ−2
)1/3(E ·B
ρR
)4/3
ρR . (49)
At the time t = tm when the phase symmetry is broken
we expect ρθ to be comparable to ρr (by equipartition of
energy amongst the components of the field ϕ), i.e.,
Ωθ(tm) ∼ Teq
Tc
, (50)
(recall that Tc ∼ Tm).
We propose to monitor the time evolution of Ωθ. There
are a couple of key times. The earliest one is the time,
tm, when the gauge field becomes massive. Before that
time we have radiation scaling
E ·B ∼ a(t)−4, ti < t < tm , (51)
3 The possible decay of quanta of the r- field into axions, i.e., the
quanta of the θ- field, is discussed in Appendix B.
while, afterwards, matter scaling prevails, i.e.,
E ·B ∼ a(t)−3, tm < t < tsec . (52)
The next later time of importance is the time, teq, of
equal matter and radiation. For t < teq, we have that
a(t) ∼ t1/2, and, for t > teq, a(t) ∼ t2/3. The third
important time is the time when the secular growth of
the electric field E(t) becomes significant. We denote this
time by tsec. For t > tsec, the density E · B decreases
less rapidly than a(t)−3. The last important time is the
time, tDE , after which Dark Energy dominates. We are
assuming here that
ti < tm < teq < tsec < tDE < t0 , (53)
where t0 is the present time.
From the equations derived above we can read off the
scaling of ρθ in the various time intervals:
ρθ ∼ t−8/3, for ti < t < tm . (54)
Hence, during this first time interval, the quantity Ωθ is
decreasing. This is the first phase in the evolution of the
Universe after inflation.
During the second phase of evolution, we have that
ρθ ∼ t−2, for tm < t < teq . (55)
This implies that Ωθ is constant, corresponding to track-
ing behaviour of Dark Energy.
During the third phase of evolution, we again have that
ρθ ∼ t−8/3, for teq < t < tsec , (56)
which implies that Ωθ begins to decrease again. However,
after the time tsec, the magnetic helicity E ·B grows by
an extra power of G3 ∼ t3, and hence
ρθ ∼ t+1/3, for tsec < t , (57)
which implies that, after tsec, Ωθ grows rapidly in t. Note,
however, that the energy density of the new gauge field
grows even more rapidly, and we need to convince our-
selves that it does not dominate the total energy density
before V (θ) has a chance to do so. The resulting limits
on the constant α will be discussed below.
Combining the initial condition for Ωθ at time tm with
the radiation scaling of ρθ, for times t > tm, and the
secular growth for times t > tsec, we obtain
Ωθ(t0) = Ωθ(teq)
T0
Teq
G(t0)
3
=
T0
Tc
G(t0)
3 , (58)
where T0 is the present temperature of the cosmic mi-
crowave background, Teq is the temperature at time teq,
and G(t0) is the secular growth factor between tsec and
7the present time, which scales as t30. This leads to a con-
dition relating tsec to Tc,
Tsec = T0
(Tc
T0
)2/9
, (59)
for our scenario to explain why Dark Energy becomes
dominant around the present time t0.
As in most tracking quintessence models, the coinci-
dence problem of dark energy (why does dark energy rear
its head just at the present time) is not resolved.
The time evolution of Ωθ is sketched in Fig. 1. The
horizontal axis is time, the vertical axis is Ωθ. The fig-
ure shows that the energy density of the θ- field can be
interpreted as tracking Dark Energy.
A final issue we must address concerns the size of the
energy density,
ρA(t) ∼ E2(t) +B2(t) , (60)
carried by the gauge field.
This energy density scales as matter, hence the gauge
field Aµ makes a contribution to Dark Matter. We have
to make sure that ρA remains negligible, as compared to
ρθ, until the present time t0. From time tm until time
tsec, when the secular term begins to dominate, ρA scales
as matter, whereas ρtheta scales as radiation. A necessary
condition on the viability of our scenario is that, at the
time teq of equal matter and radiation, the energy density
contributed by θ is larger than the one contributed by the
gauge field, i.e.,(
E2 +B2
)
(teq) < ρθ(teq) . (61)
Making use of (49) this leads to the condition that(
E2 +B2
)
(teq)
!
< 2α
(1
4
αµ−2
)1/3(
E ·B)(teq)4/3ρ−1/3R
< 2α
(1
4
αµ−2
)1/3(
E2 +B2
)
(teq)
4/3ρ
−1/3
R (62)
which would guarantee that the energy density ρA is
smaller than ρθ at the time teq of equal matter and ra-
diation. The upper bound on the right side of Eq. (62)
follows from the Schwarz inequality. We can rewrite this
condition as
2α4µ−2 >
ρR
(E2 +B2)(teq)
. (63)
Assuming that, at time t = tm, the energy density of the
new gauge field is comparable to ρR, condition (63) boils
down to
2α4µ−2 >
( z(tm)
z(teq)
)3
. (64)
Since V (θ) grows as G3, for t > tsec, whereas E
2 + B2
increases in t as G4, a necessary (but not sufficient!) con-
dition on the coupling constant α needed to ensure that
our candidate for quintessence dominates over the energy
density of the new gauge field at the present time t0 is
that there is an additional secular growth factor G mul-
tiplying the right side of (64), for times t between tsec
and the present time. Using that tsec = teq and that
G ∼ z−1, a reasonable estimate for today’s value of G is
given by G ∼ 104. This does not change the condition
(64) on α by more than one order of magnitude. Taking
the temperature at tm to be 250MeV, and taking µ ∼ 1
we find that α > 106. This represents quite a severe fine-
tuning requirement, which is, however, much less severe
than the fine-tuning that would have to be imposed on
the bare cosmological constant.
This is a condition involving the values of the constants
α and µ and the initial energy density of the gauge field
and can be satisfied as long as α is large and µ is small.
Once the secular term starts to dominate (i.e. G(t) >
1), the energy density ρθ increases as gG(t)
3 (where we
recall that g  1 is the gauge coupling constant). Ini-
tially the energy density ρA scales as G
2 since the contri-
bution from the magnetic field (which scales as g4G4) is
suppressed compared to the contribution from the elec-
tric field which contains no power of g. Eventually -
roughly speaking when
g2G2 ∼ 1 , (65)
the magnetic field contribution catches up, and from then
on ρA increases more rapidly than ρθ. Thus, our model
predicts that the phase of dark energy domination comes
to an end at some point in the future.
V. CONCLUSIONS AND DISCUSSION
We have proposed a model involving a complex scalar
field ϕ that can give rise to both Dark Matter and Dark
Energy. Dark Matter is provided by the radial oscilla-
tions of the field ϕ about its symmetry breaking mini-
mum, Dark Energy by the angular variable, which is a
new axion. A key feature of our model is a coupling
of the axion to the Pontryagin density of a non-abelian
gauge field. The field ϕ is introduced in analogy to the
Peccei-Quinn scalar of QCD. The phase of ϕ couples to
the Pontryagin density of the gauge field. This provides a
mechanism for very slow rolling of the angular variable θ,
so that θ can yield Dark Energy. In turn, the dynamics of
θ, assisted by an additional axial chemical potential, in-
duces secular growth of the electric component, E, of the
gauge field. Once the secular growth term in E starts
to dominate over the usual term, the contribution of θ
to the total energy density starts to grow. Thus, θ is a
candidate for tracking quintessence.
In our model, the energy density, ρA, of the gauge
field represents an extra contribution to Dark Matter.
For sufficiently large values of the coefficient α one can
ensure that ρA is negligible at the present time. However,
eventually ρA will grow faster than the density of Dark
Energy. Thus, our model predicts that the period of Dark
8Ω"θ"
FIG. 1: Sketch of the time evolution of the fractional contribution Ωθ of the θ field to energy density of the Universe. The
horizontal axis is time, the vertical axis is the value of Ωθ. The value of Ωθ initially decays from ti until tm. Between tm and
teq we have exact tracking, i.e. Ωθ is constant. For t > teq the value of Ωθ initially decreases until the timie tsec when the
secular growth term for the electric field E becomes important, after which Ωθ grows (for illustrative purposes we have chosen
G(t) such that the growth is proportional to the scale factor).
9Energy domination does not continue arbitrarily far into
the future.
In our setup, the approximate equality of the energy
densities in Dark Matter and Dark Energy has a natural
explanation since the energy densities of the two com-
ponents are proportional during most of the evolution of
the universe (from tm until teq). For ti < tm and for
teq < tsec the contribution of θ decays relative to that of
Dark Matter, whereas it increases after tsec.We need tsec
to lie in the interval [teq, t0].
If θ is to be a viable candidate for Dark Energy, it has
to be very weakly coupled to electromagnetism [23]. This
is why we need to introduce a new gauge field which ϕ
couples to. Since, in our setup, Dark Matter and Dark
Energy belong to the same sector, our model predicts
that Dark Matter has negligible interactions with regular
matter. Direct detection of Dark Matter in accelerator
experiments or in underground laboratories would rule
out our scenario.
In our model, Dark Matter is coupled to Dark Energy.
This coupling gives rise to interesting predictions on ob-
servations, as was studied in toy models of the two dark
sectors in [24] and references therein. Work on this topic
is in progress.
As for the QCD axion, we have to cope with a po-
tential domain wall problem [25]. If the values of the
potential at field values θ = 0 and θ = pi are exactly the
same, then if the ϕ field begins in thermal equilibrium
and undergoes a symmetry breaking phase transition a
network of domain walls will inevitably form by causal-
ity [26]. This network would acquire a “scaling solution”
(the network looks the same at all times when lengths are
scaled to the Hubble radius t) and would persist to the
present time. A single domain wall in our Hubble radius
would overclose the universe if the symmetry breaking
scale is above roughly 1TeV; (see e.g. [27] for reviews
of the cosmology of topological defects). We can avoid
this domain wall problem in the same way it is avoided
for QCD axions. For example, we could slightly lift the
potential to make θ = 0 the unique vacuum state. We
could also assume that an early period of cosmological in-
flation provides the causal connections on super-Hubble
scales which leads ϕ to fall into the same vacuum state
everywhere in the observable part of the Universe.
There has been other recent work connecting the two
dark sectors in the context of QCD-like theories; see, e.g.,
[28] (which is based on [29]).
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Appendix A: Origin of the Axial Chemical Potential
In this section we present a possible scenario for the
origin of the axial chemical potential µ5. Let us consider
a second scalar field χ coupling to E · B, in analogy to
the angular field variable θ, i.e., with a coupling given
by (5). We take χ to have vanishing mass dimension, as
assumed in (5). We can introduce a scalar field χ˜ with
the usual mass dimension 1 by setting
χ˜ ≡ χ0χ , (66)
where χ0 is some mass scale.
Let us assume that χ˜ has an exponential potential of
the form
Vχ˜ = V0
[
e−χ˜/χ0 − 1] , (67)
where the constant V0 has mass dimension four. We also
assume that χ˜ couples to some heat bath. This induces
a correction to the effective potential whose leading term
is (see e.g. [21] and the review in [22])
δV =
1
2
T 2χ˜2 . (68)
If we assume that χ˜ tracks the minimum of the effective
potential we find that
χ ∼ V0
χ20
(Teq
T
)2
T−2eq , (69)
for χ˜ χ0, which leads to
χ ∼ 4
3
V0
χ20
1
teq
T−2eq , (70)
for t < teq, and
χ ∼ 4
3
V0
χ20
1
teq
( t
teq
)1/3
T−2eq , (71)
for t > teq. Making use of the Friedmann equation to
express the time teq in terms of the energy density T
4
eq at
that time, we find that
χ˙ ∼ V0
χ20mpl
. (72)
The fact that there is a factor of mpl (= Planck mass)
in the denominator of (72) makes it possible to obtain a
small value of χ˙, which leads to a small value of the axial
chemical potential µ5, as required by the criterion (34).
It does take some tuning of V0 and χ0 to obtain a value
of µ5 which lies exactly in the range given by (34).
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Appendix B: Possible Resonance Effects
In our scenario, the radial field r is oscillating. It is
coupled to the angular variable θ via the nonlinear terms
in the equations of motion. We must hence worry about
possible resonance effects like the parametric instability
by which the oscillations of the inflaton field at the end
of the period of inflation induce exponential growth of
fields coupled to the inflaton [30, 31] (see also [32] for
recent review articles).
To study the possible resonant excitation of θ due to
the oscillations of r we consider the equation of motion
for fluctuations of θ about the background value θ0 con-
sidered in the main text:
θ = θ0 + θ1 . (73)
In the small amplitude limit for the fluctuation θ1 we
have
θ¨1 + 3Hθ˙1 +
r˙
R0
θ˙1 = 0 . (74)
This is in fact a first order differential equation for χ ≡ θ˙1
which has the solution
ln
( χ
χi
)
= −3ln t
ti
− 2
R0
∫ t
ti
dt′r˙(t′) , (75)
where ti is the initial time and χi is the value of χ at that
time. Since the integrand on the right hand side of the
above equation is oscillating, there is clearly no resonant
growth.
Above, we have shown that oscillations of the r field
does not induce a parametric resonance instability for θ
fluctuations. However, to ensure that our estimate of the
dark matter density from the r field is correct, we must
also ensure that the perturbative decay of r is not too
efficient. For an interaction Lagrangian describing the
decay of a canonically normalized field r into another
canonically normalized field χ 4
Lint = −gσrχ2 , (76)
the perturbative decay Γ rate is given by
Γ =
g2σ2
8pim
, (77)
where m is the mass of the oscillating field. In our case
χ = R0θ1, where θ1 is the fluctuation of θ about the slow-
roll solution θ given by (15). Expanding the Lagrangian
(7) to leading quadrtic order in θ1 we can read off what
corresponds to gσ in the general case. The mass of r can
be read off of the same Lagrangian. Then, one finds that
in our case the ratio
Γ
H
∼ µ5/3λ−1/2α2/3(E ·B
R40
)2/3
, (78)
and we can see that it is not hard to choose parameters
and initial conditions on the energy density in the new
gauge field such that already at the time tm
Γ(tm)
H(tm)
 1 , (79)
and that hence perturbative decay is negligible. Hence,
our dark matter candidate does not decay efficiently into
dark energy.
[1] P. A. R. Ade et al. [Planck Collaboration], “Planck
2015 results. XIII. Cosmological parameters,”
arXiv:1502.01589 [astro-ph.CO].
[2] J. C. Kapteyn, “First attempt at a theory of the arrange-
ment and motion of the sidereal system”, Astrophysical
Journal 55, 302 – 327 (1922)
F. Zwicky, “Die Rotverschiebung von extragalaktischen
Nebeln”. Helvetica Physica Acta 6, 110 – 127 (1933)
[3] V. C. Rubin and W. K. Ford, Jr., “Rotation of the
Andromeda Nebula from a Spectroscopic Survey of
Emission Regions,” Astrophys. J. 159, 379 (1970).
doi:10.1086/150317
[4] R. H. Brandenberger, “Lectures on the theory of cosmo-
logical perturbations,” Lect. Notes Phys. 646, 127 (2004)
[hep-th/0306071].
[5] S. Perlmutter et al. [Supernova Cosmology Project Col-
laboration], “Discovery of a supernova explosion at half
the age of the Universe and its cosmological implica-
tions,” Nature 391, 51 (1998) doi:10.1038/34124 [astro-
ph/9712212].
[6] A. G. Riess et al. [Supernova Search Team Collabora-
tion], “Observational evidence from supernovae for an
accelerating universe and a cosmological constant,” As-
tron. J. 116, 1009 (1998) doi:10.1086/300499 [astro-
ph/9805201].
[7] M. Li, X. D. Li, S. Wang and Y. Wang, “Dark Energy,”
Commun. Theor. Phys. 56, 525 (2011) doi:10.1088/0253-
6102/56/3/24 [arXiv:1103.5870 [astro-ph.CO]];
S. M. Carroll, “The Cosmological constant,” Living
Rev. Rel. 4, 1 (2001) doi:10.12942/lrr-2001-1 [astro-
ph/0004075].
[8] C. Wetterich, “Cosmology and the Fate of Dilatation
Symmetry,” Nucl. Phys. B 302, 668 (1988);
P. J. E. Peebles and B. Ratra, “Cosmology with a Time
Variable Cosmological Constant,” Astrophys. J. 325, L17
(1988);
B. Ratra and P. J. E. Peebles, “Cosmological Conse-
quences of a Rolling Homogeneous Scalar Field,” Phys.
Rev. D 37, 3406 (1988).
[9] J. Preskill, M. B. Wise and F. Wilczek, “Cosmology of
the Invisible Axion,” Phys. Lett. B 120, 127 (1983);
L. F. Abbott and P. Sikivie, “A Cosmological Bound on
the Invisible Axion,” Phys. Lett. B 120, 133 (1983);
M. Dine and W. Fischler, “The Not So Harmless Axion,”
11
Phys. Lett. B 120, 137 (1983).
[10] S. Weinberg, “A New Light Boson?,” Phys. Rev. Lett.
40, 223 (1978);
F. Wilczek, “Problem of Strong p and t Invariance in the
Presence of Instantons,” Phys. Rev. Lett. 40, 279 (1978);
J. E. Kim, “Weak Interaction Singlet and Strong CP In-
variance,” Phys. Rev. Lett. 43, 103 (1979);
M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, “Can
Confinement Ensure Natural CP Invariance of Strong In-
teractions?,” Nucl. Phys. B 166, 493 (1980).
[11] M. Dine, W. Fischler and M. Srednicki, “A Simple Solu-
tion to the Strong CP Problem with a Harmless Axion,”
Phys. Lett. B 104, 199 (1981);
A. R. Zhitnitsky, “On Possible Suppression of the Axion
Hadron Interactions. (In Russian),” Sov. J. Nucl. Phys.
31, 260 (1980) [Yad. Fiz. 31, 497 (1980)].
[12] R. D. Peccei and H. R. Quinn, “CP Conservation in
the Presence of Instantons,” Phys. Rev. Lett. 38, 1440
(1977).
[13] S. Alexander, R. Brandenberger and J. Froehlich,
“Tracking Dark Energy from Axion-Gauge Field Cou-
plings,” arXiv:1601.00057 [hep-th].
[14] S. Weinberg, “The Quantum Theory of Fields”, vol. 2,
Cambridge University Press, Cambridge and New York,
1996.
[15] P. G. Ferreira and M. Joyce, “Structure formation with a
selftuning scalar field,” Phys. Rev. Lett. 79, 4740 (1997)
[astro-ph/9707286];
P. G. Ferreira and M. Joyce, “Cosmology with a pri-
mordial scaling field,” Phys. Rev. D 58, 023503 (1998)
[astro-ph/9711102];
R. R. Caldwell, R. Dave and P. J. Steinhardt, “Cosmolog-
ical imprint of an energy component with general equa-
tion of state,” Phys. Rev. Lett. 80, 1582 (1998) [astro-
ph/9708069];
E. J. Copeland, A. R. Liddle and D. Wands, “Exponen-
tial potentials and cosmological scaling solutions,” Phys.
Rev. D 57, 4686 (1998) [gr-qc/9711068];
I. Zlatev, L. M. Wang and P. J. Steinhardt,
“Quintessence, cosmic coincidence, and the cosmologi-
cal constant,” Phys. Rev. Lett. 82, 896 (1999) [astro-
ph/9807002];
P. J. Steinhardt, L. M. Wang and I. Zlatev, “Cosmolog-
ical tracking solutions,” Phys. Rev. D 59, 123504 (1999)
[astro-ph/9812313].
[16] S. R. Coleman and E. J. Weinberg, “Radiative
Corrections as the Origin of Spontaneous Sym-
metry Breaking,” Phys. Rev. D 7, 1888 (1973).
doi:10.1103/PhysRevD.7.1888
[17] R. Brandenberger and J. Froehlich, work in progress.
[18] P. Adshead and M. Wyman, “Chromo-Natural Infla-
tion: Natural inflation on a steep potential with classical
non-Abelian gauge fields,” Phys. Rev. Lett. 108, 261302
(2012) [arXiv:1202.2366 [hep-th]];
P. Adshead and M. Wyman, “Gauge-flation trajectories
in Chromo-Natural Inflation,” Phys. Rev. D 86, 043530
(2012) [arXiv:1203.2264 [hep-th]];
E. Martinec, P. Adshead and M. Wyman, “Chern-Simons
EM-flation,” JHEP 1302, 027 (2013) [arXiv:1206.2889
[hep-th]].
[19] M. M. Anber and L. Sorbo, “Naturally inflating on steep
potentials through electromagnetic dissipation,” Phys.
Rev. D 81, 043534 (2010) [arXiv:0908.4089 [hep-th]].
[20] A. Maleknejad and M. M. Sheikh-Jabbari, “Gauge-
flation: Inflation From Non-Abelian Gauge Fields,”
Phys. Lett. B 723, 224 (2013) [arXiv:1102.1513 [hep-ph]];
A. Maleknejad and M. M. Sheikh-Jabbari, “Non-Abelian
Gauge Field Inflation,” Phys. Rev. D 84, 043515 (2011)
[arXiv:1102.1932 [hep-ph]].
[21] L. Dolan and R. Jackiw, “Symmetry Behavior at Fi-
nite Temperature,” Phys. Rev. D 9, 3320 (1974).
doi:10.1103/PhysRevD.9.3320
[22] R. H. Brandenberger, “Quantum Field Theory Methods
and Inflationary Universe Models,” Rev. Mod. Phys. 57,
1 (1985). doi:10.1103/RevModPhys.57.1
[23] S. M. Carroll, “Quintessence and the rest of
the world,” Phys. Rev. Lett. 81, 3067 (1998)
doi:10.1103/PhysRevLett.81.3067 [astro-ph/9806099].
[24] E. Abdalla, E. G. M. Ferreira, J. Quintin and B. Wang,
“New evidence for interacting dark energy from BOSS,”
arXiv:1412.2777 [astro-ph.CO].
[25] Y. B. Zeldovich, I. Y. Kobzarev and L. B. Okun, “Cos-
mological Consequences of the Spontaneous Breakdown
of Discrete Symmetry,” Zh. Eksp. Teor. Fiz. 67, 3 (1974)
[Sov. Phys. JETP 40, 1 (1974)].
[26] T. W. B. Kibble, “Phase Transitions In The Early Uni-
verse,” Acta Phys. Polon. B 13, 723 (1982);
T. W. B. Kibble, “Some Implications Of A Cosmological
Phase Transition,” Phys. Rept. 67, 183 (1980).
[27] A. Vilenkin and E.P.S. Shellard, Cosmic Strings and
other Topological Defects (Cambridge Univ. Press, Cam-
bridge, 1994);
M. B. Hindmarsh and T. W. B. Kibble, “Cosmic
strings,” Rept. Prog. Phys. 58, 477 (1995) [arXiv:hep-
ph/9411342];
R. H. Brandenberger, “Topological defects and struc-
ture formation,” Int. J. Mod. Phys. A 9, 2117 (1994)
[arXiv:astro-ph/9310041].
[28] A. Addazi, A. Marciano and S. Alexander, “A Unified
picture of Dark Matter and Dark Energy from Invisible
QCD,” arXiv:1603.01853 [gr-qc].
[29] S. Alexander, A. Marciano and Z. Yang, “Invisible QCD
as Dark Energy,” arXiv:1602.06557 [hep-th].
[30] J. H. Traschen and R. H. Brandenberger, “Par-
ticle Production During Out-of-equilibrium Phase
Transitions,” Phys. Rev. D 42, 2491 (1990).
doi:10.1103/PhysRevD.42.2491
[31] A. D. Dolgov and D. P. Kirilova, “On Particle Creation
By A Time Dependent Scalar Field,” Sov. J. Nucl. Phys.
51, 172 (1990) [Yad. Fiz. 51, 273 (1990)].
[32] R. Allahverdi, R. Brandenberger, F. Y. Cyr-Racine and
A. Mazumdar, “Reheating in Inflationary Cosmology:
Theory and Applications,” Ann. Rev. Nucl. Part. Sci.
60, 27 (2010) doi:10.1146/annurev.nucl.012809.104511
[arXiv:1001.2600 [hep-th]];
M. A. Amin, M. P. Hertzberg, D. I. Kaiser and
J. Karouby, “Nonperturbative Dynamics Of Reheat-
ing After Inflation: A Review,” Int. J. Mod. Phys.
D 24, 1530003 (2014) doi:10.1142/S0218271815300037
[arXiv:1410.3808 [hep-ph]].
